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Devwudfw
Zh h{dplqh dvvhw sulfhv dqg uhwxuqv lq wkh frqwh{w ri d yhuvlrq ri wkh sxuh h{fkdqjh
hfrqrp| vwxglhg lq Oxfdv +4<:;, dqg Phkud dqg Suhvfrww +4<;8,1 Rxu sxusrvh lv wr
lghqwli| wkh nh| fkdqqhov e| zklfk fkdqjhv lq suhihuhqfhv dhfw wkh htxlw| suhplxp dqg
wkh ulvn iuhh udwh dqg wr ghyhors lqwxlwlrq wkdw lv xvhixo iru xqghuvwdqglqj dvvhw sulflqj lq
pruh frpsolfdwhg hfrqrplhv1 Rxu dqdo|vlv vxjjhvwv wkdw fdslwdo jdlqv sod| d fuxfldo uroh
lq jhqhudwlqj hpslulfdoo| sodxvleoh phdq htxlw| suhpld1
￿ Xqlyhuvlgdg Fduorv LLL dqg FHSU1
| Qruwkzhvwhuq Xqlyhuvlw|/ Ihghudo Uhvhuyh Edqn ri Fklfdjr dqg QEHU1
} Ihghudo Uhvhuyh Edqn ri Fklfdjr dqg Xqlyhuvlw| ri Zhvwhuq Rqwdulr1 Erogulq wkdqnv wkh Ixqgdflöq Pduf
Ulfk/ Fkulvwldqr wkdqnv wkh Qdwlrqdo Vflhqfh Irxqgdwlrq/ dqg Ilvkhu wkdqnv wkh VVKUF iru qdqfldo vxssruw1
Dq| rslqlrqv h{suhvvhg duh wkrvh ri wkh dxwkruv dqg qrw wkrvh ri wkh Ihghudo Uhvhuyh Edqn ri Fklfdjr ru wkh
Ihghudo Uhvhuyh V|vwhp141 Lqwurgxfwlrq
Zh h{dplqh dvvhw sulfhv dqg uhwxuqv lq d sxuh h{fkdqjh hfrqrp| dv lq Oxfdv +4<:;, dqg Phkud
dqg Suhvfrww +4<;8,1 Dffruglqj wr Phkud dqg Suhvfrww +4<;8,/ lw lv gl!fxow wr dffrxqw iru wkh
revhuyhg phdq uhwxuq rq htxlw| dqg wkh ulvn iuhh udwh lq wklv w|sh ri hqylurqphqw li lw lv dvvxphg
wkdw djhqwv kdyh srzhu xwlolw|1 Odwhu/ Frqvwdqwlqlghv +4<<3, vkrzhg wkdw wkh iuhh sdudphwhuv
lq d kdelw shuvlvwhqfh vshflfdwlrq ri xwlolw| zlwk orz ulvn dyhuvlrq lq zhdowk fdq eh wdloruhg
wr pdwfk erwk phdq uhwxuqv1 Rxu sxusrvh lv wr gholqhdwh dqg txdqwli| wkh fkdqqhov e| zklfk
vzlwfklqj iurp srzhu xwlolw| wr kdelw shuvlvwhqfh suhihuhqfhv kdv wklv hhfw rq phdq uhwxuqv1 Zh
gr wklv lq rughu wr ghyhors lqwxlwlrq xvhixo iru xqghuvwdqglqj dvvhw sulflqj lq pruh frpsolfdwhg
prghov1 Rxu qglqj lv wkdw wkh ulvh lq wkh htxlw| suhplxp dulvlqj iurp wkh vzlwfk lq suhihuhqfhv
rshudwhv sulpdulo| yld wkh lpsdfw ri wkh fkdqjh rq wkh g|qdplfv ri fdslwdo jdlqv1 Fdslwdo jdlqv
duh lghqwlhg zlwk fkdqjhv lq wkh sulfh ri wkh xqghuo|lqj surgxfwlyh dvvhw +cOxfdv wuhh*, lq wkh
h{fkdqjh hfrqrp|1
Wr xqghuvwdqg wkh uroh sod|hg e| fdslwdo jdlqv/ frqvlghu wkh fodvvlf fryduldqfh irupxod=
wkh htxlw| suhplxp lv qhjdwlyho| uhodwhg wr wkh frqglwlrqdo fryduldqfh ehwzhhq wkh rqh0shulrg0
dkhdg pdujlqdo xwlolw| ri frqvxpswlrq dqg wkh udwh ri uhwxuq rq htxlw|1 Lq wkh prghov zh vwxg|/
yduldwlrqv lq wkh udwh ri uhwxuq rq htxlw| duh sulpdulo| ghwhuplqhg e| yduldwlrqv lq fdslwdo jdlqv1
D fkdqjh lq wkh vshflfdwlrq ri wkh prgho fkdqjhv erwk dujxphqwv lq wkh fryduldqfh1 Wkxv/
zkhq zh vzlwfk iurp srzhu xwlolw| wr kdelw shuvlvwhqfh vr dv wr udlvh wkh htxlw| suhplxp/ wkhuh
duh wzr hhfwv1 Rq wkh rqh kdqg/ wkh vsuhdg dfurvv vwdwhv ri qdwxuh ri wkh rqh0shulrg0dkhdg
pdujlqdo xwlolw| ri frqvxpswlrq lqfuhdvhv1 Kroglqj {hg wkh vwrfkdvwlf surfhvv rq wkh udwh ri
uhwxuq rq htxlw|/ wklv udlvhv wkh htxlw| suhplxp1 Zh uhihu wr wklv phfkdqlvp dv wkh fxuydwxuh
fkdqqho/ ehfdxvh lw lv ghwhuplqhg e| wkh ghjuhh ri fxuydwxuh lq wkh xwlolw| ixqfwlrq/ phdvxuhg
dv wkh hodvwlflw| ri wkh pdujlqdo xwlolw| ri frqvxpswlrq zlwk uhvshfw wr frqvxpswlrq1 Rq wkh
rwkhu kdqg/ vzlwfklqj iurp srzhu xwlolw| wr kdelw shuvlvwhqfh suhihuhqfhv fkdqjhv wkh vwrfkdvwlf
surfhvv rq htxlw| uhwxuqv e| dowhulqj wkh sdwwhuq ri ghpdqg iru dvvhwv dfurvv vwdwhv ri qdwxuh1
Xqghu kdelw shuvlvwhqfh/ krxvhkrogv* ghpdqg iru dvvhwv mxpsv e| pruh lq uhvsrqvh wr d srvlwlyh
5lqqrydwlrq lq frqvxpswlrq rssruwxqlwlhv wkdq lw grhv xqghu srzhu xwlolw|1 Ehfdxvh wkh txdqwlw|
ri wkh surgxfwlyh dvvhw lv {hg lq wkh h{fkdqjh hfrqrp|/ wklv wudqvodwhv lqwr lqfuhdvhg fdslwdo
jdlqv lq vwdwhv zkhq frqvxpswlrq lv kljk/ dqg vpdoohu fdslwdo jdlqv zkhq frqvxpswlrq lv orz1
Kroglqj {hg wkh vwrfkdvwlf surshuwlhv ri wkh pdujlqdo xwlolw| ri frqvxpswlrq/ wklv dovr udlvhv
wkh htxlw| suhplxp1 Zh uhihu wr wklv dv wkh fdslwdo jdlqv fkdqqho1
Rxu frpsxwdwlrqdo h{shulphqwv vxjjhvw wkdw wkh fdslwdo jdlqv fkdqqho zduudqwv frqvlghudeoh
dwwhqwlrq1 Zh qg wkdw ryhu <3( ri wkh lqfuhdvh lq wkh phdq htxlw| suhplxp uhvxowlqj iurp
d vzlwfk iurp srzhu xwlolw| wr kdelw shuvlvwhqfh lv gxh wr wkh rshudwlrq ri wkh fdslwdo jdlqv
fkdqqho1 Fdslwdo jdlqv uh hfw wkh rxworrn iru hyhqwv h{whqglqj lqwr wkh glvwdqw ixwxuh dqg vr duh
lq xhqfhg e| pdq| rwkhu ihdwxuhv ri wkh hqylurqphqw lq dgglwlrq wr wkh fxuydwxuh surshuwlhv
ri wkh xwlolw| ixqfwlrq1 Wkhvh ihdwxuhv lqfoxgh vxfk wklqjv dv krxvhkrogv* suhihuhqfhv ryhu wkh
lqwhuwhpsrudo sdwwhuq ri frqvxpswlrq dqg wkh shuvlvwhqfh surshuwlhv ri krxvhkrogv* frqvxpswlrq
rssruwxqlwlhv1 Wkxv/ dowkrxjk rxu frpsxwdwlrqdo h{shulphqwv vxjjhvw wkdw kljk fxuydwxuh lv d
qhfhvvdu| lqjuhglhqw iru jhwwlqj wkh htxlw| suhplxp/ lw lv e| qr phdqv vx!flhqw1 Zh gudpdwl}h
wklv srlqw e| dqdo|}lqj h{dpsohv lq zklfk lqfuhdvhg fxuydwxuh lq wkh xwlolw| ixqfwlrq fkdqjhv wkh
vwrfkdvwlf surfhvv rq htxlw| uhwxuqv lq vxfk d zd| wkdw wkh htxlw| suhplxp lv dfwxdoo| uhgxfhg1
Rq vrph glphqvlrqv/ rxu zrun lv forvho| uhodwhg wr wkdw ri Khdwrq +4<<8,1 Zh hvwlpdwh rxu
prgho*v wzr kdelw shuvlvwhqfh sdudphwhuv edvhg rq wkh uvw prphqwv ri wkh dvvhw uhwxuqv ri
lqwhuhvw dqg zh hydoxdwh wkh prgho*v shuirupdqfh edvhg rq lwv lpsolfdwlrqv iru vhfrqg prphqwv1
Dv fdq eh dqwlflsdwhg iurp Khdwrq dqg rwkhuv/ rxu delolw| wr dffrxqw iru uvw prphqwv ri dvvhw
uhwxuqv dw wkh hvwlpdwlrq vwdjh frphv dw d frvw ri srru shuirupdqfh rq vhfrqg prphqwv1 Zkdw
glhuhqwldwhv rxu zrun iurp Khdwrq*v lv lwv fhqwudo hpskdvlv rq wkh fxuydwxuh dqg fdslwdo jdlqv
fkdqqhov dv ghylfhv iru xqghuvwdqglqj wkh lpsdfw rq phdq dvvhw uhwxuqv ri d fkdqjh lq prgho
vshflfdwlrq1
Wkh uhvw ri wkh sdshu surfhhgv dv iroorzv1 Lq wkh qh{w vhfwlrq zh ghvfuleh wkh prgho hfrqrp|1
Wklv lv iroorzhg e| d txdolwdwlyh dqdo|vlv ri wkh lpsolfdwlrqv ri kdelw shuvlvwhqfh iru phdq dvvhw
uhwxuqv1 Zh dovr uhylhz wkh lpsolfdwlrqv iru ulvn dyhuvlrq vlqfh/ lq sudfwlfh/ wkhvh sod| dq
6lpsruwdqw uroh lq dvvhvvlqj wkh sodxvlelolw| ri dowhuqdwlyh suhihuhqfh vshflfdwlrqv1 Diwhu wklv
zh suhvhqw rxu txdqwlwdwlyh uhvxowv dqg glvfxvv wkhlu lpsolfdwlrqv iru ulvn dyhuvlrq1 Lq wkh qdo
vhfwlrq zh rhu vrph frqfoxglqj uhpdunv1
51 Wkh H{fkdqjh Hfrqrp|
Lq wklv vhfwlrq zh ghvfuleh rxu yhuvlrq ri wkh h{fkdqjh hfrqrp| vwxglhg lq Oxfdv +4<:;, dqg
Phkud dqg Suhvfrww +4<;8,1 Zh vxssrvh wkh hfrqrp| lv srsxodwhg zlwk krxvhkrogv dqg upv
zkr wudgh lq frpshwlwlyh jrrgv pdunhwv1 Dvvhw pdunhwv duh ri frxuvh frpsohwh1 Lq zkdw iroorzv
zh uvw ghvfuleh wkh sureohpv ri wkh krxvhkrogv dqg upv dqg wkhq zh ghvfuleh htxloleulxp1
5141 Krxvhkrogv
Wkhuh duh d frqwlqxxp ri lqqlwho| olyhg/ lghqwlfdo krxvhkrogv zkr pd{lpl}h h{shfwhg glvfrxqwhg
xwlolw|1 Ohw H| ghqrwh wkh h{shfwdwlrq rshudwru/ frqglwlrqdo rq wkh lqirupdwlrq dydlodeoh dw wlph
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c +4,
zkhuh f￿ uhsuhvhqwv wkh kdelw vwrfn/ zklfk hyroyhv dv iroorzv=
f￿ ' f￿3￿ n K￿3￿ +5,
Lq +4,/ f 	q	lv wkh krxvhkrog*v glvfrxqw idfwru1 Iru wkh sxusrvhv ri rxu dqdo|vlv/ zh ghqh
srzhu xwlolw| suhihuhqfhv dv wkh fdvh :f c'K'f cdqg kdelw shuvlvwhqfh suhihuhqfhv dv wkh
fdvh   c dqg hlwkhu  ru K 9'f 
4Wklv +vwdqgdug, vshflfdwlrq ri wkh kdelw shuvlvwhqfh xwlolw| ixqfwlrq kdv wkh glvwlqfwlyh ihdwxuh wkdw wkh
suhvhqw glvfrxqwhg ydoxh ri wkh xwlolw| ri d frqvxpswlrq vhtxhqfh lv qrqprqrwrqh lq wkh frqvxpswlrq ri dq|
sduwlfxodu shulrg1 Wklv uh hfwv wkh idfw wkdw/ dowkrxjk wkh shulrg xwlolw| ixqfwlrq lv lqfuhdvlqj lq fxuuhqw frq0
vxpswlrq/ shulrg xwlolw| dw odwhu gdwhv lv ghfuhdvlqj lq fxuuhqw frqvxpswlrq1 Wklv odwwhu hhfw grplqdwhv dw
kljk ydoxhv ri frqvxpswlrq1 Lq wkh vlpxodwlrqv frpsxwhg iru wklv sdshu/ frqvxpswlrq lv dozd|v lq wkh uhjlrq ri
lqfuhdvlqj pdujlqdo xwlolw|1
7Dw hyhu| gdwh |c wkh krxvhkrog pxvw vdwlvi| wkh iroorzlqj exgjhw frqvwudlqw=




| 3 ￿  | 3 ￿c +6,
zkhuh | dqg 7| ghqrwh shulrg | dftxlvlwlrq ri wzr w|shv ri rqh0shulrg dvvhwv/ ghqrplqdwhg lq
frqvxpswlrq xqlwv1 Wkhlu udwhv ri uhwxuq duh no
s
| dqg no e
| n￿c uhvshfwlyho|1 Wkh udwh ri
uhwxuq rq 7| lv frqglwlrqdo rq wkh uhdol}dwlrq ri wkh gdwh | nvwdwh ri qdwxuh/ dqg wkh udwh ri
uhwxuq rq | lv qrw1 Wkh sureohp ri wkh krxvhkrog lv dv iroorzv= dw hyhu| gdwh |/l ww d n h v7 | 3 ￿c
 | 3 ￿cf |dqg ioe
￿co
s
￿3￿( |jdv jlyhq dqg pd{lpl}hv +4, vxemhfw wr +5, dqg +6,/ e| fkrlfh ri
i￿c7 ￿c ￿(|j
5151 Ilupv
Ilupv srvvhvv wkh iroorzlqj whfkqrorj| iru frqyhuwlqj fdslwdo/ g|c lqwr rxwsxw/ t|=
t| ' ~|g|c +7,
zkhuh
~| ' ~|3￿ i TEw| +8,
Wkh udqgrp yduldeoh w| iroorzv wkh dxwruhjuhvvlyh surfhvv
w| 'E 4  wn4w|3￿ n "|c +9,
dqg "|  Efcj 2ciru doo |  f Fdslwdo grhv qrw ghsuhfldwh/ dqg wkhuh h{lvwv qr whfkqrorj| iru
lqfuhdvlqj ru ghfuhdvlqj lwv pdjqlwxgh1 Wkh djjuhjdwh/ shu fdslwd vwrfn ri fdslwdo lv d frqvwdqw/
htxdo wr g:f 
Zh dvvxph wkdw upv kdyh d rqh0shulrg sodqqlqj krul}rq1 Lq rughu wr rshudwh fdslwdo lq
shulrg | n / d up pxvw sxufkdvh lw lq shulrg | Wr gr vr/ lw lvvxhv htxlw| 7|c vxemhfw wr wkh
8iroorzlqj qdqflqj frqvwudlqw=
&c|g|n￿  7|c +:,
zkhuh &c| lv wkh gdwh | sulfh ri fdslwdo/ ghqrplqdwhg lq frqvxpswlrq xqlwv/ dqg g|n￿ uhsuhvhqwv
wkh txdqwlw| ri fdslwdo wkh up sodqv wr xvh1 Ohw Z|n￿ ghqrwh wkh up*v shulrg | nuhyhqxhv/
qhw ri h{shqvhv/ ghqrplqdwhg lq shulrg | nfrqvxpswlrq xqlwv1 Uhyhqxhv lqfoxgh wkh vdoh ri
rxwsxw/ t|n￿/ soxv wkh vdoh ri wkh fdslwdo vwrfn/ &c|n￿g|n￿ Wkh up*v h{shqvhv duh olplwhg wr lwv
reoljdwlrqv rq htxlw|/ Enoe
|n￿7| Lwv fkrlfh yduldeohv duh 7| dqg g|n￿c dqg lw wdnhv &c| dqg wkh
vwdwh frqwlqjhqw remhfwv oe
|n￿ dqg &c|n￿ dv jlyhq1 Wkh up*v rxwod|v lq hdfk vwdwh ri wkh zruog
pxvw qrw h{fhhg lwv uhyhqxhv=
Z|n￿ ' t|n￿ n &|n￿g|n￿  E n o
e
|n￿7|  f +;,
Wkh up*v sureohp dw gdwh | lv wr pd{lpl}h/ e| fkrlfh ri 7| dqg g|n￿c wkh ydoxh ri Z|n￿
dfurvv vwdwhv ri wkh zruog/ vxemhfw wr +7,0+;,1 Wklv lpsolhv wkdw wkh qdqflqj frqvwudlqw/ +:,/ lv
vdwlvhg dv d vwulfw htxdolw| lq htxloleulxp1 Olqhdu krprjhqhlw| ri wkh up*v remhfwlyh/ wrjhwkhu
zlwk wkh zhdn lqhtxdolw| lq +;,/ lpso| wkh htxloleulxp frqglwlrq/ Z|n￿ 'firu doo | n cdqg iru








Zh dgrsw wkh qrupdol}dwlrq wkdw wkh qxpehu ri krxvhkrogv dqg upv lv rqh1 Wkhq wkh jrrgv
pdunhw fohdulqj frqglwlrqv iru wklv hfrqrp| duh
| ' t|cg |' g +43,
Vlqfh krxvhkrogv duh lghqwlfdo/ pdunhw fohdulqj lq ulvn iuhh erqgv lpsolhv | 'flq htxloleulxp1
Pdunhw fohdulqj lq wkh htxlw| pdunhw lv uh hfwhg lq +:, kroglqj zlwk htxdolw|1 D vhtxhqfh0ri0
9pdunhwv frpshwlwlyh htxloleulxp lv ghqhg lq wkh xvxdo zd|1
Wkh remhfwv lq htxloleulxp duh rewdlqhg dv iroorzv1 Iluvw/ | ' ~|g Zh qg sulfhv e|
frpelqlqj wkh krxvhkrog*v uvw0rughu frqglwlrq iru 7| zlwk +8, dqg +<, wr jhw=
R&c| ' H|RSc|n￿ i TEw|n￿d n R&c|n￿oc +44,





zkhuh \Sc| ghqrwhv wkh ghulydwlyh ri +4, zlwk uhvshfw wr |1 Wklv lv frpsxwdeoh jlyhq wkh vroxwlrq
iru | ghvfulehg deryh Zh wkhq qg R&c| e| vshfli|lqj lw wr eh d ixqfwlrq ri w| dqg vroylqj iru
wkh {hg srlqw ri wkh ixqfwlrqdo htxdwlrq/ +44,1 Wr dssur{lpdwh wkh vroxwlrq wr wklv dqg rwkhu
ixqfwlrqdo htxdwlrqv/ zh xvh wkh qrqolqhdu phwkrgv ghvfulehg lq Mxgg +4<<5, dqg Fkulvwldqr
dqg Ilvkhu +4<<7,1 Jlyhq &c| ' R&c|~|c zh vroyh iru oe







61 Suhihuhqfhv dqg Dvvhw Uhwxuqv
Khuh zh uhylhz wkh ulvn dyhuvlrq surshuwlhv ri kdelw shuvlvwhqfh suhihuhqfhv dqg frpsduh wkhp
wr rwkhu suhihuhqfh vshflfdwlrqv1 Zh dovr glvfxvv wkh lpsolfdwlrqv ri kdelw shuvlvwhqfh iru wkh
ulvn0iuhh udwh/ dqg suhvhqw rxu irupdo ghfrpsrvlwlrq ri wkh htxlw| suhplxp lqwr fxuydwxuh dqg
fdslwdo jdlqv fkdqqhov1
6141 Ulvn Dyhuvlrq
Vlqfh dw ohdvw Phkud dqg Suhvfrww +4<;8,/ dvvhw sulflqj prghov kdyh ehhq hydoxdwhg edvhg lq
sduw rq wkhlu lpsolfdwlrqv iru ulvn dyhuvlrq1 Lq wklv vhfwlrq/ zh glvfxvv wkh lpsolfdwlrqv ri
kdelw shuvlvwhqfh iru ulvn dyhuvlrq/ dqg zh frqwudvw wkhvh zlwk wkh ulvn dyhuvlrq lpsolfdwlrqv ri
dowhuqdwlyh vshflfdwlrqv ri xwlolw|1 Wkh dowhuqdwlyhv zh frqvlghu lqfoxgh srzhu xwlolw| dqg d
:yhuvlrq ri wkh kdelw shuvlvwhqfh vshflfdwlrq glvfxvvhg e| Deho +4<<3,1 Lq wklv vshflfdwlrq wkh
vwrfn ri kdelw/ f|c lv h{rjhqrxv wr wkh lqglylgxdo krxvhkrog*v frqvxpswlrq1 Zh uhihu wr wklv dv
h{whuqdo kdelw shuvlvwhqfh1
Lw lv lpsruwdqw wr glvwlqjxlvk dw ohdvw wkuhh frqfhswv ri ulvn dyhuvlrq1 Wzr ri wkhvh lqfoxgh
ulvn dyhuvlrq lq zhdowk dqg ulvn dyhuvlrq lq frqvxpswlrq1 Hdfk phdvxuhv d krxvhkrog*v dyhuvlrq
wr d sduwlfxodu nlqg ri jdpeoh1 Wkh jdpeohv glhu lq wkh h{whqw wr zklfk wkh krxvhkrog kdv dffhvv
wr fuhglw pdunhwv iru ghdolqj zlwk wkh rxwfrph ri wkh jdpeoh1 Ulvn dyhuvlrq lq frqvxpswlrq
+zhdowk, phdvxuhv d krxvhkrog*v dyhuvlrq wr d jdpeoh wkdw rffxuv diwhu +ehiruh, wkh fxuuhqw
shulrg fuhglw pdunhwv kdyh forvhg1 Zh frqwudvw wkhvh phdvxuhv zlwk dqrwkhu rqh lq frpprq
xvh/ zklfk lv edvhg rq wkh fxuydwxuh ri wkh xwlolw| ixqfwlrq +l1h1/ wkh hodvwlflw| ri wkh pdujlqdo
xwlolw| ri frqvxpswlrq zlwk uhvshfw wr frqvxpswlrq,1
Wkh deryh wkuhh phdvxuhv ri ulvn dyhuvlrq frlqflgh lq wkh fdvh ri h{whuqdo kdelw shuvlvwhqfh
dqg srzhu xwlolw|1 Vlqfh dffrxqwlqj iru wkh htxlw| suhplxp uhtxluhv kljk fxuydwxuh lq xwlolw|/
xvlqj wkhvh xwlolw| ixqfwlrqv uhvxowv lq frxqwhuidfwxdoo| kljk ulvn dyhuvlrq lq zhdowk1 Frqvwdq0
wlqlghv +4<<3, srlqwhg rxw wkdw zlwk kdelw shuvlvwhqfh suhihuhqfhv/ wkh wkuhh frqfhswv ri ulvn
dyhuvlrq duh glvhqwdqjohg1 Wkxv/ iru h{dpsoh/ zlwk kdelw shuvlvwhqfh dqg q forvh wr xqlw|/ ulvn
dyhuvlrq lq zhdowk lv forvh wr xqlw|/ lqghshqghqw ri K dqg  Dw wkh vdph wlph/ e| lqfuhdvlqj
K dqg  fxuydwxuh lv lqfuhdvhg/ udlvlqj wkh htxlw| suhplxp zlwkrxw lpso|lqj frxqwhuidfwxdoo|
kljk ulvn dyhuvlrq lq zhdowk1
Wr jdlq lqwxlwlrq lqwr zk| fxuydwxuh lq wkh xwlolw| ixqfwlrq fdq eh kljk zkloh ulvn dyhuvlrq
lq zhdowk lv orz xqghu kdelw shuvlvwhqfh/ uhfdoo wkdw wkh dprxqw d krxvhkrog lv zloolqj sd| wr
dyrlg d idlu ehw rq lwv zhdowk lv gluhfwo| uhodwhg wr wkh xwlolw| orvv wkdw wkh krxvhkrog vxhuv lq
wkh dgyhuvh vwdwh ri wkh zruog1 Li wkh krxvhkrog zhuh irufhg wr dffhsw dq lpphgldwh gurs lq
frqvxpswlrq/ wkh orvv ri vxfk d ehw zrxog eh yhu| sdlqixo/ jlyhq wkh vkruw0whup h{rjhqhlw| ri
wkh kdelw vwrfn dqg kljk fxuydwxuh1 Krzhyhu/ wkh kdelw shuvlvwhqfh krxvhkrog fdq dyrlg wklv1
Wkrxjk wkh suhvhqw ydoxh ri lwv wrwdo olihwlph frqvxpswlrq pxvw idoo zlwk wkh orvv ri d ehw/
uhfrxuvh wr fuhglw pdunhwv hqdeohv wkh krxvhkrog wr vorz wkh idoo lq dfwxdo frqvxpswlrq vr wkdw
;wkh kdelw vwrfn fdq idoo1 Wklv lv zk| wkh glvxwlolw| rffdvlrqhg e| wkh orvv ri d ehw rq zhdowk pd|
eh uhodwlyho| vpdoo iru d krxvhkrog zlwk kdelw shuvlvwhqfh suhihuhqfhv1
D krxvhkrog zlwk h{whuqdo kdelw/ exw kljk fxuydwxuh/ grhv qrw ehqhw iurp wkh kdelw shu0
vlvwhqfh krxvhkrog*v vwudwhj| iru ghdolqj zlwk wkh orvv ri d jdpeoh1 Iru wklv w|sh ri krxvhkrog/
wkh kdelw vwrfn lv h{rjhqrxv iru doo wlph/ dqg vr uhfrxuvh wr fuhglw pdunhwv uhsuhvhqwv d pxfk
ohvv hhfwlyh fxvklrq djdlqvw wkh orvv ri d ehw1 Dv d uhvxow/ iru dvvhw sulflqj dqdo|vhv edvhg
rq h{whuqdo kdelw/ ulvn dyhuvlrq lq zhdowk lv w|slfdoo| kljk1 Iru h{dpsoh/ lq wkh irupxodwlrq
vwxglhg e| Fdpsehoo dqg Frfkudqh +4<<:,/ ulvn dyhuvlrq lq zhdowk lv ;3 +vhh dovr Zhlo 4<<5,1
Wklv frqwudvwv zlwk d ydoxh ri urxjko| xqlw| iru wkh kdelw shuvlvwhqfh suhihuhqfhv vwxglhg lq wklv
sdshu1
Dv wklv glvfxvvlrq vxjjhvwv/ lq jhqhudo ulvn dyhuvlrq ghshqgv rq wkh qdwxuh ri fuhglw pdunhwv1
Lq wkh dqdo|vlv ri wklv vxevhfwlrq/ zh dvvxph krxvhkrogv fdq eruurz ru ohqg dv pxfk dv wkh| olnh/
vxemhfw wr dq lqwhuwhpsrudo exgjhw frqvwudlqw1 Wr nhhs wkh dqdo|vlv vlpsoh/ zh uxoh rxw djjuhjdwh
xqfhuwdlqw|/ dqg zh dvvxph wkdw wkh udwh ri lqwhuhvw idfhg e| wkh krxvhkrog lv frqvwdqw1 Wklv
odvw dvvxpswlrq lv frpsdwleoh zlwk wkh h{shulphqwv zh shuirup ehfdxvh wkh| uhsuhvhqw jdpeohv
rhuhg wr dq lqglylgxdo krxvhkrog1 Vlqfh d krxvhkrog lv vpdoo lq rxu hfrqrp|/ wkh rxwfrph ri
vxfk d jdpeoh kdv qr lpsdfw rq djjuhjdwhv1 Li/ e| frqwudvw/ wkh rxwfrph ri d jdpeoh dhfwhg
doo wkh krxvhkrogv lq wkh vdph zd|/ wkhq ri frxuvh wkh {hg lqwhuhvw udwh dvvxpswlrq zrxog eh
xqwhqdeoh lq wkh hqylurqphqw zh frqvlghu1 Wklv lv ehfdxvh wkhuh h{lvwv qr whfkqrorj| iru vkliwlqj
uhvrxufhv lqwhuwhpsrudoo| lq rxu hqylurqphqw1 Zh uvw frqvlghu wkh fdvh ri kdelw shuvlvwhqfh
suhihuhqfhv1 Zh wkhq wxuq wr wkh fdvh ri h{whuqdo kdelw dqg srzhu xwlolw|1
614141 Kdelw Shuvlvwhqfh
Dw gdwh fc wkh krxvhkrog kdv d jlyhq vwrfn ri zhdowk/ `f E' 73￿ n 3￿c dqg kdelw/ ffc dqg






 |'E no  ` f +47,
<Ohw   dq E n oo
￿
￿ c dqg zh dvvxph=
cK : fc n K		noc q
￿3￿ 	  +48,
Iru odwhu sxusrvhv/ lw lv xvhixo wr qrwh wkdw +48, lpsolhv  	 c q3￿ 	  dqg 	no Doo
wkh sdudphwhul}dwlrqv frqvlghuhg lq wklv sdshu vdwlvi| +48,1 Diwhu htxdwlrq +5, zh ghqh kdelw
shuvlvwhqfh suhihuhqfhv dv kdylqj  ' Lq wklv vxevhfwlrq/ zh qg lw frqyhqlhqw wr ghyldwh iurp
wklv dqg wr frqvlghu kdelw shuvlvwhqfh suhihuhqfh lq zklfk/ srwhqwldoo|/  9' 
Ohw \Sc| ghqrwh wkh ghulydwlyh ri +4, zlwk uhvshfw wr |=









Wkh Hxohu htxdwlrq iru wkh krxvhkrog*v sureohp lv \Sc| ' qEnoe\Sc|n￿c iru | 'f c cWklv lv
vdwlvhg e| wkh iroorzlqj fodvv ri srolflhv=
E|  f|''
| +4:,
Wkh sdudphwhu ' lv ghwhuplqhg e| wkh uhtxluhphqw wkdw +4:, dovr vdwlvi| wkh lqwhuwhpsrudo
exgjhw htxdwlrq1 Wr qg 'c uvw hydoxdwh wkh suhvhqw ydoxh ri erwk vlghv ri +4:,/ dqg pdnh xvh
ri wkh idfw wkdw wkh suhvhqw ydoxh ri frqvxpswlrq pxvw htxdo E n o`f Wkhq uhduudqjh wkh
uhvxowlqj h{suhvvlrq wr jhw=
' 'E no ` f
no
no
7 f fc +4;,
zkhuh 7 ff lv wkh suhvhqw ydoxh ri ffcf ￿c 1 Wklv htxdwlrq grhv qrw |hw ghwhuplqh 'c vlqfh 7 ff
lqyroyhv fxuuhqw dqg ixwxuh krxvhkrog frqvxpswlrq1 Wdnlqj lqwr dffrxqw +5, dqg lpsrvlqj wkh








Vxevwlwxwlqj +4<, lqwr +4;,/ zh jhw wkdw/ iru jlyhq `f dqg ffc
'E`fcf f'
E n o  id n o  E n Ko`f  ffj
E n o  
 +53,
Glvfrxqwhg xwlolw| dvvrfldwhg zlwk wkh srolf|/ +4:,/ lv +dsduw iurp dq dgglwlyh frqvwdqw,=
E`fcf f'
' E ` fcf f E￿3￿￿*E  
  q￿3￿  +54,
Lw lv looxplqdwlqj wr ghulyh wkh rswlpdo uhvsrqvh ri frqvxpswlrq wr d fkdqjh lq zhdowk1 Lq









Wkhuh duh wzr lqwhuhvwlqj ihdwxuhv ri wklv h{suhvvlrq1 Iluvw/ zkhq K 'fdqg  ' cwkhq
_f*_`f ' oc zklfk lv h{dfwo| wkh suhglfwlrq ri vwdqgdug shupdqhqw lqfrph wkhru|1 Vhfrqg/
_f*_`f lv ghfuhdvlqj lq K dqg 1 Wkdw lv/ zlwk kdelw shuvlvwhqfh/ wkh rswlpdo uhvsrqvh wr d
5W rj h w+ 4 < , /q r w h u v ww k d w+ 5 ,l p s o l h v
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H{suhvvlrq +4<, iroorzv wulyldoo|1
44ghfuhdvh lq zhdowk lv wr xvh qdqfldo pdunhwv wr eulqj grzq frqvxpswlrq vorzo| vr wkdw wkh
vwrfn ri kdelw kdv d fkdqfh wr idoo1
Ulvn Dyhuvlrq lq Zhdowk
Zh qrz frqvlghu ulvn dyhuvlrq lq zhdowk1 Lq shulrg f/ sulru wr wkh forvlqj ri fuhglw pdunhwv/
wkh krxvhkrog lv xqh{shfwhgo| frqiurqwhg zlwk wkh iroorzlqj jdpeoh= lw zlqv ru orvhv `f> zlwk
suredelolw| *2 dvvljqhg wr hdfk rxwfrph1 Ohw D ghqrwh wkh odujhvw iudfwlrq ri wkh krxvhkrog*v
zhdowk wkdw lw zrxog eh zloolqj wr vdfulfh wr dyrlg wklv jdpeoh=
 E`fE  Dcf f'

2
d E ` fE n >cf fnE ` fE  >cf fo +55,
Wdnh d uvw0rughu Wd|oru vhulhv h{sdqvlrq ri wkh h{suhvvlrq rq wkh ohiw ri wkh htxdolw| derxw
D 'f cdqg d vhfrqg0rughu Wd|oru vhulhv h{sdqvlrq ri wkh h{suhvvlrq rq wkh uljkw derxw > 'f /











zkhuh ‘ dqg ‘‘ ghqrwh wkh uvw dqg vhfrqg ghulydwlyhv ri  lq +54, zlwk uhvshfw wr lwv uvw
dujxphqw/ hydoxdwhg rq d vwhdg| vwdwh jurzwk sdwk1 Qrz li > 'f  eec wkhq ￿
2>2 ' fc vr wkdw
d kdelw shuvlvwhqfh krxvhkrog idfhg zlwk d 83083 fkdqfh ri orvlqj ru lqfuhdvlqj lwv zhdowk e| e
shufhqw zrxog eh zloolqj wr sd| --‘ +' D  ff, shufhqw ri lwv zhdowk wr dyrlg wkh jdpeoh1








Wklv kdv ehhq hydoxdwhg dorqj d vwhdg| vwdwh jurzwk sdwk/ lq zklfk wkh kdelw vwrfn wr zhdowk
udwlr lv KE n o  *E  16 Htxdwlrq +58, lv wkh glvfuhwh0wlph dqdorj ri wkh vwhdg|0vwdwh
6Vhh Ihuvrq dqg Frqvwdqwlqlghv +4<<4, iru d glvfxvvlrq ri wkh fdvh zkhuh k @3 1
45irupxod iru ulvn dyhuvlrq surylghg lq surylghg lq Frqvwdqwlqlghv +4<<3,1
Lq wkh fdvh/  ' q ' c
--‘ ' c +59,
lqghshqghqw ri wkh ydoxhv ri wkh kdelw shuvlvwhqfh sdudphwhuv/ c K7
Ulvn Dyhuvlrq lq Frqvxpswlrq
Ohw fc ￿cc ghqrwh wkh vroxwlrq wr wkh krxvhkrog*v sureohp1 Diwhu vroylqj wklv sureohp dqg
diwhu fuhglw pdunhwv kdyh forvhg/ wkh krxvhkrog lv xqh{shfwhgo| frqiurqwhg zlwk wkh iroorzlqj
jdpeoh= lw zlqv ru orvhv >f xqlwv ri frqvxpswlrq jrrgv zlwk suredelolw| *2 dvvljqhg wr hdfk
rxwfrph1 Wkh wlplqj dvvxpswlrq derxw fuhglw pdunhwv lpsolhv wkdw `￿ 'E no  ` f f
zkhwkhu wkh krxvhkrog zlqv ru orvhv1 Ulvn dyhuvlrq lq frqvxpswlrq lv phdvxuhg e| wkh iudfwlrq/
Dc ri f wkh krxvhkrog lv zloolqj wr vdfulfh zlwk suredelolw| rqh lq rughu wr dyrlg wklv jdpeoh1
Wkdw lv/ D vroyhv8=




iL EfE  >  ffnqE`￿cf fnKfE  > +5:,
nL EfE n >  ffnqE`￿cf fnKfE n >jc
zkhuh L E%'
k
% E￿3￿￿  
l
*E Wdnh d uvw0rughu Wd|oru vhulhv h{sdqvlrq ri wkh h{suhvvlrq
rq wkh ohiw ri wkh htxdolw| derxw D 'f cdqg d vhfrqg0rughu Wd|oru vhulhv h{sdqvlrq ri wkh






7Wkh fdvh/ ! @  @4ylrodwhv +48,/ vlqfh lw lpsolhv  @4.u= Wkh uhvxowv dwwulexwhg wr wklv fdvh lq wkh wh{w
reylrxvo| dovr krog dssur{lpdwho| iru ydoxhv ri ! dqg  zklfk duh forvh wr xqlw|/ exw frqvlvwhqw zlwk +48,1
8Lpsolflwo|/ zh dvvxph khuh wkdw wkh krxvhkrog pd| uhrswlpl}h lwv frqvxpswlrq sodq vwduwlqj lq shulrg 4 wr
uh hfw wkh lpsdfw ri wkh jdpeoh rq qh{w shulrg*v kdelw vwrfn1 Rqh fdq lpdjlqh dqrwkhu frqfhsw ri ulvn dyhuvlrq
lq zklfk wklv uhrswlpl}dwlrq lv qrw shuplwwhg1 Lq rxu hfrqrp|/ wklv frqfhsw zrxog eh dssursuldwh iru d fwlwlrxv
vrfldo sodqqhu zkr idfhv d jdpeoh rq djjuhjdwh frqvxpswlrq dqg zkr fdqqrw dgmxvw frqvxpswlrq lq odwhu shulrgv
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Qrwh wkdw ulvn dyhuvlrq lq frqvxpswlrq lv xqerxqghg deryh dv nK $ noc zkloh ulvn dyhuvlrq
lq zhdowk dozd|v uhpdlqv dw xqlw| +vhh +59,,1
Fxuydwxuh
Ilqdoo|/ zh uhodwh wkh deryh wzr frqfhswv ri ulvn dyhuvlrq wr wkh vwdqgdug rqh/ --c zklfk






hydoxdwhg dorqj d vwhdg| vwdwh jurzwk sdwk1 Khuh/ \SSc| lv wkh ghulydwlyh ri \Sc| zlwk uhvshfw wr
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c
zkhuh r lv wkh vwhdg|0vwdwh ydoxh ri E|  f|*| Qrwh wkdw ^SS lv lqfuhdvlqj/ dqg ^S dqg r duh










:- -  ￿
Hylghqwo|/ -- dqg --￿ duh glhuhqw1 Krzhyhu/ hdfk kdv wkh surshuw| ri ehlqj xqerxqghg
deryh dv  n K $ no Wklv hvwdeolvkhv wkh surshuwlhv ri kdelw shuvlvwhqfh shuihuhqfhv vwdwhg
lq wkh lqwurgxfwlrq ri wklv vhfwlrq1
614151 H{whuqdo Kdelw/ Srzhu Xwlolw|
Xqghu h{whuqdo kdelw shuvlvwhqfh/ krxvhkrogv dovr kdyh suhihuhqfh vshflfdwlrq +4, dqg +5,/
h{fhsw wkdw |3￿ lq +5, lv hfrqrp|0zlgh dyhudjh frqvxpswlrq/ udwkhu wkdq wkh krxvhkrog*v rzq
frqvxpswlrq1 Wkxv/ wkh kdelw vwrfn lv ylhzhg e| wkh krxvhkrog dv hyroylqj h{rjhqrxvo|1 Xqghu
wkhvh flufxpvwdqfhv/ wkh ghulydwlyh ri +4, zlwk uhvshfw wr | lv +49, zlwkrxw wkh ixwxuh whupv/
l1h1/ lw lv  \Sc| 'E  |f |  3 ￿ Wkh lqwhuwhpsrudo Hxohu htxdwlrq lv  \Sc| ' qE n oe \Sc|n￿c iru
| 'f c c/ zklfk lv vdwlvhg e| d frqvxpswlrq srolf| ri wkh irup/ +4:,1 Vlqfh 7 ff lv ylhzhg dv
h{rjhqrxv wr wkh krxvhkrog/ +4;, jlyhv wkh ydoxh ri ' zklfk ghwhuplqhv lwv frqvxpswlrq sodq1
Zh ghqrwh wklv e|  'E`fc 7 ff Dorqj d vwhdg| vwdwh jurzwk sdwk/ f|n￿ ' f|c iru | 'f c cc
lq zklfk fdvh 7 ff ' dE n o*E n o  off Wkhq/ frpelqlqj +4:, dqg +4;, |lhogv wkh iroorzlqj
srolf| ixqfwlrq rq d vwhdg| vwdwh jurzwk sdwk=
f 'E no  ` f +64,
48Wkh ydoxh ri wkh krxvhkrog*v rswlpdo sodq/ jlyhq `f dqg 7 ffc lv +dsduw iurp dq dgglwlyh frqvwdqw,=
 E`fc 7 ff'
 ' E ` fc7 f f E￿3￿￿*E  
  q￿3￿ 
Lw lv hdvlo| yhulhg wkdw  E`fc 7 ff' E ` fcf fdqg  'E`fc 7 ff'' E ` fcf fzkhq doo krxvh0
krogv lq wkh hfrqrp| dgrsw lghqwlfdo frqvxpswlrq sodqv1 Dv d uhvxow/ lq dq hfrqrp| zlwk d vlqjoh
w|sh ri djhqw/ wkh rswlpdo frqvxpswlrq vhtxhqfhv duh lqydulhqw wr zkhwkhu kdelw shuvlvwhqfh lv
lqwhuqdo ru h{whuqdo1
Qrz frqvlghu wkh ulvn dyhuvlrq ri d krxvhkrog zlwk h{whuqdo kdelw=
--‘ 
` f  ‘‘
  ‘
'






Khuh/  \SS ghqrwhv wkh ghulydwlyh ri  \S zlwk uhvshfw wr |c hydoxdwhg dorqj d vwhdg| vwdwh jurzwk
sdwk1 Dovr/ wkh wklug htxdolw| lq +65, pdnhv xvh ri +64,1 Lw lv reylrxv iurp +5;, wkdw --￿ '
--c vlqfh wkh dqdorj ri f dqg ff lv }hur khuh1 Wkxv/ zlwk h{whuqdo kdelw dqg +vlqfh wkh
uhvxowv duh dovr wuxh iru f|  f zlwk srzhu xwlolw|/
--‘ ' --￿ ' --
Wklv hvwdeolvkhv wkh surshuwlhv ri h{whuqdo kdelw dqg srzhu xwlolw| shuihuhqfhv vwdwhg lq wkh
lqwurgxfwlrq ri wklv vhfwlrq1
6151 Wkh Ulvn0Iuhh Udwh








q c iru srzhu xwlolw|
i TE7 w￿
q c iru kdelw shuvlvwhqfh1
+66,
49Dv zh dujxhg deryh/ zlwk kdelw shuvlvwhqfh suhihuhqfhv/ fxuydwxuh fdq eh lqfuhdvhg e| qfuhdvlqj
K ru 1 Wr udlvh fxuydwxuh zlwk srzhu xwlolw| uhtxluhv lqfuhdvlqj 1 Zh lqihu iurp +66, wkdw
udlvlqj fxuydwxuh kdv d yhu| glhuhqw lpsdfw rq wkh ulvn0iuhh udwh/ ghshqglqj rq zkhwkhu rqh
dgrswv kdelw shuvlvwhqfh ru srzhu suhihuhqfhv1
Wkh lqwxlwlrq iru wklv glhuhqfh ehwzhhq wkh wzr xwlolw| ixqfwlrqv lv vlpsoh1 Zlwk srzhu
xwlolw| dqg srvlwlyh frqvxpswlrq jurzwk/ wkh ixwxuh pdujlqdo xwlolw| ri frqvxpswlrq lv orz
frpsduhg zlwk wkh pdujlqdo xwlolw| ri suhvhqw frqvxpswlrq1 Lqfuhdvlqj  lqwhqvlhv wklv/ vr
wkdw d kljkhu lqwhuhvw udwh lv uhtxluhg wr glvfrxudjh krxvhkrogv iurp dwwhpswlqj wr uhdoorfdwh
frqvxpswlrq iurp wkh ixwxuh wr wkh suhvhqw1 Wkh lpsdfw ri lqfuhdvlqj K ru  lv txlwh glhuhqw1
Wklv kdv wkh hhfw ri lqfuhdvlqj wkh ixwxuh kdelw vwrfn dqg/ rwkhu wklqjv wkh vdph/ wklv udlvhv
wkh pdujlqdo xwlolw| ri ixwxuh frqvxpswlrq/ uhgxflqj wkh lqfhqwlyh wr uhdoorfdwh frqvxpswlrq
wrzdug wkh suhvhqw1
Lq vxp/ dffrxqwlqj iru wkh htxlw| suhplxp e| lqfuhdvlqj fxuydwxuh lq xwlolw| lv pruh olnho|
wr dyrlg frxqwhuidfwxdo lpsolfdwlrqv iru wkh ulvn0iuhh udwh li lw lv grqh e| lqfuhdvlqj K ru  lq
kdelw shuvlvwhqfh suhihuhqfhv/ wkdq li lw lv grqh e| lqfuhdvlqj  lq d srzhu xwlolw| ixqfwlrq1 Iru
d ixuwkhu glvfxvvlrq ri uhodwhg lvvxhv/ vhh Zhlo +4<;</ 4<<5, dqg Fdpsehoo dqg Frfkudqh +4<<8,1
6161 Wkh Fxuydwxuh dqg Fdslwdo Jdlqv Fkdqqhov
Wkh fxuydwxuh dqg fdslwdo jdlqv fkdqqhov duh dvvrfldwhg zlwk wkh wzr dujxphqwv lq wkh frqgl0



















zkhuh J|E%c+ ghqrwhv wkh gdwh | frqglwlrqdo fryduldqfh ehwzhhq % dqg + Ohw {.o
eR
| ghqrwh













| phdvxuh wkh fxuydwxuh fkdqqho dqg wkh sulfh ri fdslwdo fkdqqho/
uhvshfwlyho|1 Zh ghqh B\.o
eR
| dv wkh fkdqjh lq wkh phdq htxlw| suhplxp gxh wr d fkdqjh lq
wkh xwlolw| ixqfwlrq/ kroglqj {hg wkh glvwulexwlrq ri E~|n￿ n &c|n￿*&c| dqg |n￿ dfurvv gdwhv
dqg vwdwhv ri qdwxuh1 Wkh fdslwdo jdlqv fkdqqho/ B￿&.o
eR









Lq wklv vhfwlrq zh suhvhqw rxu txdqwlwdwlyh uhvxowv1 Iluvw zh glvfxvv rxu phwkrg iru dvvljqlqj
ydoxhv wr wkh prgho sdudphwhuv1 Vhfrqg/ zh grfxphqw wkh lpsruwdqfh ri wkh fdslwdo jdlqv
fkdqqho1 Zh gr wklv e| h{klelwlqj wkh vhqvlwlylw| ri wkh htxlw| suhplxp wr wkh shuvlvwhqfh ri
frqvxpswlrq jurzwk lq wkh srzhu xwlolw| prgho1 Dovr/ zh xvh wkh ghfrpsrvlwlrq lq +68, wr
txdqwli| wkh pdjqlwxgh ri wkh fxuydwxuh dqg fdslwdo jdlqv fkdqqhov xqghu kdelw shuvlvwhqfh1
Wklug/ zh grfxphqw wkh delolw| ri kdelw shuvlvwhqfh suhihuhqfhv wr dffrxqw iru nh| ihdwxuhv ri
dvvhw sulfhv lq rxu h{fkdqjh hfrqrp|1
7141 Sdudphwhu Ydoxhv
Zh dgrsw wkh qrupdol}dwlrq/ g ' Wkh htxloleulxp frqvxpswlrq surfhvv +wkdw lv/ wkh whfk0
qrorj| vkrfn ~|, zdv fkrvhq wr eh frqvlvwhqw zlwk wkh revhuyhg phdq/ vwdqgdug ghyldwlrq/ dqg
wkh dxwrfruuhodwlrq ri txduwhuo| X1V1 shu fdslwd frqvxpswlrq jurzwk19 Wklv uhtxluhv vhwwlqj
w 'f  ffeDcj'f  ffDc4'f  e +69,
Zh vhw q 'f  bbbbb wr pd{lpl}h wkh prgho*v delolw| wr dffrxqw iru wkh revhuyhg ulvn0iuhh udwh1
Frqglwlrqdo rq wkhvh sdudphwhu ydoxhv/ wkh wzr kdelw shuvlvwhqfh sdudphwhuv zhuh vhw wr
9Rxu phdvxuh ri frqvxpswlrq lv sulydwh frqvxpswlrq ri qrqgxudeohv dqg vhuylfhv/ soxv d phdvxuh ri wkh
vhuylfh  rz iurp wkh vwrfn ri gxudeohv1 Wkh gdwd fryhu wkh shulrg 4<8<14 wr 4<;<17/ dqg duh glvfxvvhg lq
Fkulvwldqr +4<;;, dqg Ilvkhu +4<<7,1 Frqvxpswlrq jurzwk dw glhuhqw ohyhov ri wlph djjuhjdwlrq kdyh glhuhqw
dxwrfruuhodwlrq sdwwhuqv +vhh Khdwrq 4<<6/ 4<<8,1 Dffrxqwlqj iru wklv skhqrphqrq lv eh|rqg wkh vfrsh ri wklv
sdshu1
4;rswlpl}h wkh prgho*v lpsolfdwlrqv iru wkh phdq htxlw| suhplxp dqg ulvn0iuhh udwh1 Rxu phwulf
iru wklv lv OEc zkhuh=
OE'd 	 D AsE  o 	 T
3￿
A d	 DA sEo
￿ c +6:,
dqg  'E Kc1D o v r /	 D Alv wkh 2   yhfwru ri srlqw hvwlpdwhv iru wkh ulvn0iuhh udwh dqg wkh
htxlw| suhplxp uhsruwhg lq Fhffkhwwl/ Odp/ dqg Pdun +4<<6, +FOP,/ dqg wkh 2  2 pdwul{ 	 TA
lv wkhlu hvwlpdwh ri wkh xqghuo|lqj vdpsolqj yduldqfh1 Ilqdoo|/ s lv wkh prgho*v lpsolhg ulvn0iuhh
udwh dqg htxlw| suhplxp/ jlyhq 1 Zh h{hfxwhg wklv pdsslqj e| frpsxwlqj wkh dyhudjh ri
wkhvh yduldeohv dfurvv 833 duwlfldo gdwd vhwv/ hdfk ri ohqjwk 4531 Zh frqvlghuhg  5 [c dj u l gr i
srlqwv/ Kcc lq wkh xqlw er{/ kdylqj wkh surshuw| wkdw |  f| dqg \Sc|  f duh qhyhu revhuyhg
lq wkh Prqwh Fduor vlpxodwlrqv xvhg wr hydoxdwh s Ohw
a ' OE	 Ac +6;,
zkhuh 	 A plqlpl}hv OE ryhu  5 [ Lq sudfwlfh/ zh frxog qrw qg ydoxhv ri  wkdw vhw a 'f 
Zh qg wkdw 	  A 'E f  DHcfc zlwk a 'f  .:
7151 Srzhu Xwlolw|
Wkh uhvxowv ri dqdo|}lqj wkh hfrqrp| zlwk srzhu xwlolw| duh vxppdul}hg lq Iljxuh 41 Wkdw jxuh
lqglfdwhv +vhh X1V1 gdwd, wkh vdpsoh dyhudjhv iru wkh ulvn0iuhh udwh dqg wkh htxlw| suhplxp
wdnhq iurp FOP1 Lq dgglwlrq/ zh uhsruw 4 shufhqw dqg 8 shufhqw frqghqfh hoolsvhv/ edvhg rq
FOP*v uhsruwhg 	 TA pdwul{1 Uhvxowv iru vhyhudo yhuvlrqv ri wkh h{fkdqjh hfrqrp| zlwk srzhu
xwlolw| duh suhvhqwhg1
Wkh fxuyh pdunhg srzhu xwlolw|/ frqvxpswlrq jurzwk dxwrfruuhodwlrq @ 3167 dgrswv wkh
sdudphwhu ydoxhv lq +69,1 Prylqj iurp ohiw wr uljkw/ hdfk ohwwhu r uhsruwv sE i r udg l  h u h q w
:Rxu hvwlpdwlrq surfhgxuh lv vlplodu wr Khdwrq +4<<8,*v/ zkr dovr wdnhv lqwr dffrxqw vdpsolqj xqfhuwdlqw| lq
hvwlpdwhv ri dvvhw pdunhw prphqwv/ exw ljqruhv vdpsolqj xqfhuwdlqw| lq wkh xqghuo|lqj hqgrzphqw +frqvxpswlrq,
surfhvv1
4<ydoxh ri c zlwk  ' c2 c  ce c D cfcDc2fc2DcfcD1 Wkhuh duh wzr edvlf qglqjv khuh1 Iluvw/
frqvlvwhqw zlwk wkh qrqvwrfkdvwlf dqdo|vlv uhsruwhg deryh/ lqfuhdvlqj fxuydwxuh zlwk srzhu xwlo0
lw| suhihuhqfhv surgxfhv d ulvh lq wkh dyhudjh ulvn0iuhh udwh1 Vhfrqg/ lqfuhdvlqj fxuydwxuh uhvxowv
lq d idoo lq wkh htxlw| suhplxp1 Iru  h{fhhglqj 8/ wkh htxlw| suhplxp lv qhjdwlyh/ zlwk htxlw|
dfwxdoo| ehlqj d jrrg khgjh djdlqvw ulvn1
Wr xqghuvwdqg wklv uhvxow/ zh vwxglhg wkuhh rwkhu yhuvlrqv ri rxu prgho1 Iluvw/ zh uhshdwhg
wkh fdofxodwlrqv zlwk 4 ' fe +vhh srzhu xwlolw|/ frqvxpswlrq jurzwk dxwrfruuhodwlrq @
fe, Wklv fkdqjh lq wkh dxwrfruuhodwlrq ri frqvxpswlrq jurzwk kdv hvvhqwldoo| qr hhfw rq
wkh prqrwrqh uhodwlrqvkls ehwzhhq wkh ulvn0iuhh udwh dqg fxuydwxuh/ exw wkh hhfw rq wkh htxlw|
suhplxp lv vxevwdqwldo1 Qrz wkh htxlw| suhplxp ulvhv prqrwrqlfdoo| zlwk fxuydwxuh1 Vhfrqg/
zh vlpxodwhg d yhuvlrq ri wkh prgho lq zklfk wkh sdudphwhuv ri wkh htxloleulxp frqvxpswlrq
jurzwk surfhvv duh wdnhq iurp Phkud dqg Suhvfrww +4<;8,1 Wkh| edvhg wkhlu sdudphwhu ydoxhv
rq dqqxdo X1V1 gdwd fryhulqj wkh shulrg 4;;<4<:;/ lq zklfk wkh uvw0rughu dxwrfruuhodwlrq
ri frqvxpswlrq jurzwk lv fe +vhh Phkud0Suhvfrww/ frqvxpswlrq jurzwk dxwrfruuhodwlrq @
fe,1 Qrwh wkdw qrz wkh ulvn0iuhh udwh lqlwldoo| ulvhv/ wkhq idoov/ dv fxuydwxuh ulvhv1 Lq dgglwlrq/
frqvlvwhqw zlwk wkh yhuvlrq ri rxu prgho zlwk 4 ' fec wkh htxlw| suhplxp ulvhv prqrwrqlfdoo|
zlwk fxuydwxuh1 Wklug/ zh dowhuhg wkh Phkud0Suhvfrww sdudphwhul}dwlrq e| vzlwfklqj wkh vljq
rq 4 +vhh Phkud0Suhvfrww/ frqvxpswlrq jurzwk dxwrfruuhodwlrq @ fe,1 Wklv kdv d yhu| odujh
lpsdfw rq wkh htxlw| suhplxp1 Lw qrz idoov vkduso| zlwk lqfuhdvhg fxuydwxuh1 Vljqlfdqwo|/
qrqh ri wkh shuwxuedwlrqv frqvlghuhg sodfhv wkh srzhu xwlolw| prgho dq|zkhuh forvh wr wkh X1V1
gdwd1
Zh lqihu iurp wkhvh frpsxwdwlrqdo h{shulphqwv wkdw wkh dxwrfruuhodwlrq ri frqvxpswlrq
jurzwk lv fulwlfdo iru ghwhuplqlqj zkhwkhu kljkhu fxuydwxuh surgxfhv d srvlwlyh ru qhjdwlyh htxlw|
suhplxp1 Wklv qglqj lpsuhvvlyho| looxvwudwhv wkh lpsruwdqfh ri wkh fdslwdo jdlqv fkdqqho lq
ghwhuplqlqj wkh htxlw| suhplxp/ vlqfh/ e| frqvwuxfwlrq/ wkh fxuydwxuh fkdqqho sod|v qr uroh
zlwk yduldwlrqv lq 4
Lqvljkw lqwr wkh uroh ri 4 f d qe hr e w d l q h ge |p d n l q jx v hr idv l p s o hs h u p d q h q wl q f r p h 0
53w|sh dujxphqw/ dqg wkh fryduldqfh irupxod lq +67,1 Wkh vljq ri o
eR
| ghshqgv rq wkh vljq ri wkh
frqglwlrqdo fryduldqfh ehwzhhq \Sc|n￿ dqg ~|n￿ n &c|n￿ Zkhq whfkqrorj| jurzwk lv srvlwlyho|
dxwrfruuhodwhg/ d gdwh | nvwdwh ri qdwxuh lq zklfk ~|n￿ lv kljk vljqdov dq hyhq juhdwhu ulvh lq
whfkqrorj| dw odwhu gdwhv/ dqg wkxv d ulvh lq krxvhkrogv* orqj0uxq frqvxpswlrq rssruwxqlwlhv1
Xqghu srzhu xwlolw|/ krxvhkrogv kdyh dq lqfhqwlyh wr dgmxvw frqvxpswlrq lpphgldwho| wr lwv orqj0
uxq srwhqwldo/ dqg wklv lpsolhv d odujh mxps lq ghvluhg |n￿1 Krzhyhu/ wr lqfuhdvh frqvxpswlrq e|
pruh wkdq rxwsxw/ krxvhkrogv pxvw uhgxfh wkhlu dffxpxodwlrq ri htxlw|> wklv lq wxuq wudqvodwhv
lqwr d uhgxfhg ghpdqg iru fdslwdo1 Wkh odwwhu/ lq ylhz ri wkh {hg vxsso| ri fdslwdo/ wudqvodwhv
lqwr d idoo lq lwv sulfh/ &c|n￿ Li wklv sulfh hhfw lv vwurqj hqrxjk wr ryhufrph wkh mxps lq ~|n￿
lwvhoid uhvxow wkdw lv pruh olnho|/ wkh juhdwhu  lvwkhq wkh frqglwlrqdo fryduldqfh lq +67,
zrxog eh srvlwlyh/ lpso|lqj wkh qhjdwlyh htxlw| suhplxpv wkdw zh vhh lq Iljxuh 41
Li whfkqrorj| jurzwk lv qhjdwlyho| dxwrfruuhodwhg lqvwhdg/ wkhq d kljk ~|n￿ vljqdov d vpdoohu
lqfuhdvhshukdsv hyhq d uhgxfwlrqlq orqj0uxq frqvxpswlrq survshfwv1 Xqghu wkhvh flufxp0
vwdqfhv/ dgmxvwlqj frqvxpswlrq wr lwv orqj0uxq srwhqwldo glfwdwhv vkliwlqj |n￿ xs e| ohvv wkdq
wkh ulvh lq gdwh | nrxwsxw/ wkxv jlylqj ulvh wr dq lqfuhdvhg ghpdqg iru fdslwdo1 Wklv gulyhv
xs &c|n￿c jxdudqwhhlqj wkdw wkh fryduldqfh lq +67, lv qhjdwlyh dqg wkdw wkh htxlw| suhplxp lv
srvlwlyh1;
Zh wklqn wkhvh uhvxowv pdnh lw fohdu wkdw/ wr xqghuvwdqg wkh vhqvlwlylw| ri wkh htxlw| suhplxp
wr 4c rqh pxvw xqghuvwdqg wkh lpsdfw ri fkdqjhv lq 4 rq wkh g|qdplfv ri wkh sulfh ri fdslwdo/
wkdw lv/ wkh fdslwdo jdlqv fkdqqho1
7161 Kdelw Shuvlvwhqfh
Uhvxowv iru dqdo|}lqj wkh hfrqrp| zlwk kdelw shuvlvwhqfh xwlolw| duh vxppdul}hg lq Iljxuh 51 Wkh
jxuh uhsurgxfhv wkh hpslulfdo revhuydwlrqv dqg frqghqfh hoolsvrlgv iurp Iljxuh 41 Wkh phdq
htxlw| suhplxp dqg ulvn0iuhh udwh/ fruuhvsrqglqj wr d vxevhw ri EKc 5 [c duh dovr uhsruwhg1 Wr
;Wkhvh revhuydwlrqv fdq eh looxvwudwhg zlwk d vlpsoh h{dpsoh1 Ohw Fw.4@Fw @ h{s+w.4,> zlwk w @   . %w .
%w￿4> dqg %w  LLQ+3> %,=Wkhq Sn>w.4 @ Hw.4
S4
m@4 
mf>w.4.mFw.m.4@f>w.41 Lq wkh srzhu xwlolw| fdvh/ wklv
lpsolhv gorj+Sn>w.4,@g%w.4 @4.+ 4! , > zklfk pd| eh qhjdwlyh li A3dqg !A4 =
54jdlq lqvljkw lqwr wkh uhodwlrq ri K dqg  zlwk dvvhw uhwxuqv/ zh qg lw xvhixo wr duudqjh wkh uhvxowv
lq d sduwlfxodu zd|1 Wkdw lv/ zh frqvlghu lqvwdqfhv ri EKc wkdw lpso| qrqvwrfkdvwlf vwhdg|0vwdwh
ydoxhv ri f|*|c ghqrwhg e| %c htxdo wr 31;8/ 31;6/ 31;4/ dqg 31631 Iru wkh odvw wzr ydoxhv ri %c zh
frqvlghu  'f cf  fcf2fccfbfcfbD1< Iru % 'f  HD dqg % 'f  Hc rqo| wkh uvw < dqg ; ydoxhv
ri  duh uhsruwhg/ uhvshfwlyho|1 Qrwh wkdw iru hdfk ydoxh ri %/ wkh htxlw| suhplxp2ulvn0iuhh udwh
frpelqdwlrqv irup d kdoi0hoolsvh1 Iru vpdoo ydoxhv ri c wkh htxlw| suhplxp dqg ulvn0iuhh udwh
duh erwk ghfuhdvlqj lq c iru jlyhq % Iru odujhu ydoxhv ri c wkh htxlw| suhplxp frqwlqxhv wr
eh ghfuhdvlqj lq c exw wkh ulvn0iuhh udwh qrz ehjlqv wr lqfuhdvh1 Qrwh dovr wkdw wkh kdoi0hoolsvhv
vkliw grzq dqg jhw vpdoohu zlwk ghfuhdvlqj % Dv % jhwv hyhq vpdoohu/ wkh kdoi0hoolsvhv frqyhujh
wr dq htxlw| suhplxp ri ff shufhqw dqg d ulvn0iuhh udwh ri H shufhqw/ diwhu urxqglqj1
Wkh srlqw lq Iljxuh 5 +dqg dprqj doo Kc 5 [, forvhvw wr wkh X1V1 gdwd lv K 'f  DHc'f   c
zlwk % 'f  H Dw wklv srlqw/ wkh ulvn0iuhh udwh lv SH shufhqw dqg wkh htxlw| suhplxp SHS
shufhqw1 Wklv lv forvh wr wkh X1V1 qxpehuv/ rqfh vdpsolqj xqfhuwdlqw| lv wdnhq lqwr dffrxqw1
Vwdwlvwlfdo uhvxowv iru wklv prgho hfrqrp| duh surylghg lq Wdeoh 41 Wkh froxpq odehohg Qr
Kdelw fruuhvsrqgv wr wkh sdudphwhul}dwlrq  ' cK''f / zkloh Kdelw fruuhvsrqgv wr wkh
prgho zlwk kdelw shuvlvwhqfh/ hydoxdwhg dw wkh hvwlpdwhg sdudphwhuv1 Wkh X1V1 qxpehuv duh
dovr uhsruwhg lq Wdeoh 41 Qrwh wkdw/ dowkrxjk wkh prgho grhv zhoo lq dffrxqwlqj iru wkh phdq
ulvn0iuhh udwh dqg wkh htxlw| suhplxp/ lw grhv ohvv zhoo lq dffrxqwlqj iru wkh yduldqfh ri wkhvh
remhfwv1
Wdeoh 4 uhsruwv ydulrxv vwdwlvwlfv ri lqwhuhvw dqg frpsduhv wkhp zlwk wkh dqdorjxh txdqwlwlhv
iru wkh XV gdwd1 D uhvxow wkdw lv dqwlflsdwhg e|/ dprqj rwkhuv/ Frfkudqh dqg Kdqvhq +4<<5,/
Khdwrq +4<<8,/ lv wkdw wkh yrodwlolw| ri dvvhw uhwxuqv lv wrr kljk lq wkh hfrqrp| zlwk kdelw
shuvlvwhqfh suhihuhqfhv/ uhodwlyh wr wkh gdwd1 Qrwh/ wrr/ wkdw wkh fruuhodwlrq ehwzhhq frqvxpswlrq
jurzwk dqg htxlw| uhwxuqv lv suhglfwhg wr eh yhu| odujh lq wkh prgho/ frpsduhg zlwk wkh urxjko|
}hur qxpehu lq wkh gdwd1 Wkh orz fruuhodwlrq pljkw zhoo vwhp iurp wkh idfw wkdw wkh vwrfn
uhwxuq xvhg lq rxu hpslulfdo lqyhvwljdwlrq lv srruo| fruuhodwhg zlwk wkh cwuxh* uhwxuq rq wkh
<Jlyhq ydoxhv ri { dqg k> wkh ydoxh ri e lv lpsolhg e| wkh frqglwlrq { @ e@+h{s+ ,  k,=
55zhdowk sruwirolr1 Wklv vdph dujxphqw zloo qrw uhvroyh doo wkh yduldqfh dqrprolhv ghslfwhg lq
Wdeoh 4/ krzhyhu/ Iru lqvwdqfh/ Kdqvhq dqg Mdjdqqdwkdq +4<<4, dqg Frfkudqh dqg Kdqvhq
+4<<5, irupxodwh wkh htxlw| uhwxuq sx}}oh zlwkrxw uhtxlulqj gdwd rq wkh uhwxuq rq wkh zhdowk
sruwirolr1 Lqvwhdg wkhlu fkdudfwhul}dwlrq irfxvhv rq Vkdush udwlrv= udwlrv ri phdq h{fhvv uhwxuqv
wr wkhlu vwdqgdug ghyldwlrqv1 Wkh Vkdush udwlr lpsolhg e| rxu kdelw shuvlvwhqfh fdoleudwlrq lv
derxw rqh wklug wkdw ri wkh klvwrulfdo gdwd1 Dovr/ wkh yduldwlrq lq wkh ulvn iuhh udwh lpsolhg e|
wkh prgho lv derxw wkuhh wlph wkdw ri wkh gdwd1
Ilqdoo|/ wr txdqwli| wkh fxuydwxuh fkdqqho/ zh frqvlghuhg wkh lpsdfw ri wkh fkdqjh iurp
srzhu xwlwolw| wr rxu hvwlpdwhg kdelw shuvlvwhqfh vshflfdwlrq/ l1h1 iurp EK '  'f wr EK '
fDHc'f   Iru wklv/ B \.o
eR
| '  fffeef  ffff2Hc dqg {.o
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| 'f  fS Wkxv/ ri wkh ixoo lqfuhdvh lq wkh htxlw| suhplxp +khuh h{suhvvhg
dw d txduwhuo| udwh,/ S shufhqw lv dffrxqwhg iru e| wkh fxuydwxuh fkdqqho/ dqg be shufhqw lv
dffrxqwhg iru e| wkh fdslwdo jdlqv fkdqqho1
81 Lpsolfdwlrqv iru Ulvn Dyhuvlrq lq Frqvxpswlrq
Dv kdv ehhq hpskdvlvhg suhylrxvo|/ lw lv frpprq wr hydoxdwh suhihuhqfh edvhg h{sodqdwlrqv
ri dvvhw uhwxuq ehkdylru e| vwxg|lqj wkh ulvn dyhuvlrq lpsolfdwlrqv ri wkh fdqglgdwh suhihuhqfh
vshflfdwlrq1 Zh kdyh douhdg| grfxphqwhg wkdw iru rxu vshflfdwlrq ri kdelw shuvlvwhqfh --‘
lv derxw xqlw|1 Suhvxpdeo| wklv idoov zlwklq d udqjh xvxdoo| frqvlghuhg dffhswdeoh e| hfrqrplvwv1
Dffruglqj wr rxu ghqlwlrq ri --￿ jlyhq deryh/ zlwk rxu hvwlpdwhg kdelw sdudphwhuv/ K 'f  DH
dqg  'f  f/ d krxvhkrog lv zloolqj wr jlyh xs . shufhqw ri frqvxpswlrq wr dyrlg d idlu/ f
shufhqw jdpeoh1 Vrph shukdsv zloo ylhz wklv dv d kljk ghjuhh ri frqvxpswlrq ulvn dyhuvlrq1 Grhv
wklv phdq wkdw/ qhfhvvdulo|/ wr dffrxqw iru wkh revhuyhg htxlw| suhplxp/ kljk --S lv uhtxluhgB
Wkh dqvzhu pd| eh |hv1 Exw/ wkhuh duh dw ohdvw wkuhh uhdvrqv wr wklqn wkdw wkh dqvzhu pljkw
dfwxdoo| eh qr1 Doo ri wkhvh uhdvrqv exlog/ lq glhuhqw zd|v/ rq wkh qrwlrq wkdw wkh lqirupdwlrq
revhuyhg e| wkh hfrqrplf dqdo|vw dqg wkdw revhuyhg e| krxvhkrogv glhu lq vrph zd|1
Iluvw/ iurp wkh dqdo|vlv deryh/ lw lv fohdu wkdw wkh ghwdlov ri wkh frqvxpswlrq surfhvv pdwwhu
56d orw iru ghwhuplqlqj krz pxfk --S lv uhtxluhg wr dffrxqw iru wkh htxlw| suhplxp1 \hw/ wkhuh
lv olwwoh frqghqfh lq wkh txdolw| ri wklv gdwd +vhh Zlofr{ +4<<5,1, Jleerqv +4<;<, flwhv wklv
orz txdolw| dv d uhdvrq iru ljqrulqj frqvxpswlrq dowrjhwkhu lq hydoxdwlqj dvvhw sulflqj prghov1
Wkh udqjh ri xqfhuwdlqw| derxw wkh frqvxpswlrq gdwd zkhq wkhvh txdolw| frqvlghudwlrqv duh
lqwhjudwhg zlwk wkh xvxdo vdpsolqj xqfhuwdlqw| pd| lqfoxgh sdudphwhul}dwlrqv ri frqvxpswlrq
zklfk shuplw dffrxqwlqj iru wkh revhuyhg htxlw| suhplxp zlwk orz --S
Vhfrqg/ vxssrvh doo wkh ihdwxuhv ri wkh xqlyduldwh vwrfkdvwlf surfhvv xqghuo|lqj wkh frqvxps0
wlrq gdwd zhuh nqrzq dffxudwho|1 Txdk +4<<3, kdv vkrzq wkdw/ hyhq d surfhvv lq zklfk wkh
xqlyduldwh uhsuhvhqwdwlrq lv d uvw rughu dxwruhjuhvvlrq lq jurzwk udwhv zlwk srvlwlyh DU+4, sd0
udphwhu lv frqvlvwhqw zlwk dq xqrevhuyhg frpsrqhqwv uhsuhvhqwdwlrq lq zklfk wudqvlwru| vkrfnv
sod| d yhu| odujh uroh1 Lq wkh vwdwlvwlfdo hqylurqphqw olnh wkh rqh vwxglhg e| Txdk/ dv orqj dv
djhqwv revhuyh wkh wzr xqghuo|lqj frpsrqhqwv gulylqj frqvxpswlrq/ wkhlu ghpdqg iru htxlw|
pd| eh gulyhq lq dq lpsruwdqw zd| e| wkh wudqvlwru| frpsrqhqw/ srvvleo| ohdglqj wr d odujh
suhplxp rq htxlw|1
Wklug/ dv lv zhoo nqrzq/ ydulrxv wudqvirupdwlrqv duh dssolhg wr wkh gdwd/ zklfk duh olnho|
wr kdyh wkh lpsolfdwlrq wkdw phdvxuhg frqvxpswlrq glvsod|v pruh shuvlvwhqfh wkdq wkh dfwxdo
frqvxpswlrq fkrlfhv pdgh e| djhqwv1 Wkh idfw wkdw wkh gdwd duh djjuhjdwhg ryhu wlph lv shukdsv
wkh sulph h{dpsoh ri wklv srvvlelolw|1 Wkxv/ djhqwv frxog eh olylqj lq dq hqylurqphqw zlwk
uhodwlyho| olwwoh shuvlvwhqfh lq frqvxpswlrq/ zklfk frxog eh uh hfwhg lq d kljk htxlw| suhplxp/
hyhq wkrxjk sxeolvkhg gdwd h{klelw vxevwdqwldo shuvlvwhqfh gxh wr wlph djjuhjdwlrq1 Iru d
txdqwlwdwlyh lqyhvwljdwlrq ri wklv lghd lq d forvho| uhodwhg frqwh{w/ d glvfxvvlrq ri wkh Ghdwrq
sdudgr{ iru frqvxpswlrq/ vhh Fkulvwldqr +4<;<,1 Dovr/ vhh Khdwrq +4<<8, iru dq dqdo|vlv ri
kdelw shuvlvwhqfh suhihuhqfhv lq dq h{fkdqjh hfrqrp| lq zklfk whpsrudo djjuhjdwlrq lv h{solflwo|
wdnhq lqwr dffrxqw1
5791 Frqfoxvlrq
Zh kdyh vwxglhg d yhuvlrq ri wkh h{fkdqjh hfrqrplhv lqyhvwljdwhg e| Oxfdv +4<:;, dqg Phkud
dqg Suhvfrww +4<;8,1 Zh irxqg wkdw wkh nh| wr jhqhudwlqj d odujh phdq htxlw| suhplxp lq
wkh jhqhudo htxloleulxp prghov frqvlghuhg lv wr surgxfh wkh culjkw* g|qdplf ehkdylru lq wkh
sulfh ri fdslwdo1 Lq sduwlfxodu/ lqqrydwlrqv lq wkh sulfh ri fdslwdo pxvw eh odujh/ dqg qhjdwlyho|
fruuhodwhg zlwk wkh pdujlqdo xwlolw| ri frqvxpswlrq1 Xqghu wkhvh flufxpvwdqfhv/ htxlw| lv d edg
khgjh djdlqvw ulvn/ dqg wkxv uhtxluhv d odujh suhplxp wr lqgxfh krxvhkrogv wr krog lw1 Wr jhw
wkh dssursuldwh pryhphqwv lq wkh sulfh ri fdslwdo/ zh uhtxluh wkdw +l, krxvhkrogv kdyh d vwurqj
lqfhqwlyh wr ex| dvvhwv zkhq wkh pdujlqdo xwlolw| ri frqvxpswlrq lv orz/ dqg wr vhoo zkhq wkh
pdujlqdo xwlolw| ri frqvxpswlrq lv kljk/ dqg +ll, d whfkqrorj| zklfk iuxvwudwhv wkhvh ghvluhv1 Lq
wkh hqgrzphqw hfrqrp|/ kdelw shuvlvwhqfh suhihuhqfhv gholyhu +l, dqg wkh {hg fdslwdo dqg oderu
dvvxpswlrqv gholyhu +ll,1
Zh eholhyh wklv lqwxlwlrq lv ydoxdeoh iru prgho exloghuv lqwhuhvwhg lq lqwhjudwlqj uhvhdufk rq
dvvhw sulflqj zlwk uhvhdufk rq exvlqhvv f|fohv1 Lq idfw/ zh kdyh douhdg| irxqg wklv lqwxwlrq wr
eh xvhixo1 Iru h{dpsoh/ Erogulq/ Fkulvwldqr dqg Ilvkhu +4<<8, exlog rq wkh uhvxowv glvfxvvhg
khuh wr vkrz wkdw lw lv srvvleoh wr frqvwuxfw d uhdo exvlqhvv f|foh prgho zklfk lv frqvlvwhqw
zlwk phdq dvvhw uhwxuqv1 Lq dgglwlrq/ Fkulvwldqr dqg Ilvkhu +4<<8, wdnh dgydqwdjh ri wkhvh
lqvljkwv wr lqyhvwljdwh wkh lpsolfdwlrqv ri Wrelq*v ^ dqg phdq dvvhw uhwxuqv iru exvlqhvv f|foh
dqdo|vlv1 Lq erwk ri wkhvh sdshuv/ dvvxpswlrqv rq wkh surgxfwlrq vwuxfwxuh duh lqwurgxfhg wr
plplf wkh lqhodvwlf vxsso| ri fdslwdo wkdw gulyhv wkh htxlw| suhplxp qglqjv lq wkh h{fkdqjh
hfrqrp|1 Wkhvh dvvxpswlrqv ohdg wr lpsuryhphqwv lq wkh exvlqhvv f|foh lpsolfdwlrqv ri wkh
prghov frqvlghuhg1
Zh qrz eulh | glvfxvv vrph ri wkh olplwdwlrqv ri wkh dqdo|vlv1 Iluvw/ frqvlvwhqw zlwk wkh
lqwxlwlrq ghvfulehg deryh/ zh qg wkdw rxu prgho lpsolhv frqvxpswlrq jurzwk dqg wkh udwh
ri uhwxuq rq htxlw| duh kljko| fruuhodwhg 0 pruh vr wkdq lq wkh gdwd1 Wklv lv d orqj0vwdqglqj
sx}}oh iru wkh w|sh ri htxloleulxp prgho xvhg khuh1 Rqh srvvleoh uhvroxwlrq/ zklfk ghvhuyhv
irupdo lqyhvwljdwlrq/ lv wkdw wkh glvfuhsdqf| uh hfwv phdvxuhphqw huuru lq frqvxpswlrq gdwd/
58ru lq wkh sulfh gdwd xvhg wr frqyhuw qrplqdo uhwxuqv lqwr uhdo uhwxuqv143 Dowhuqdwlyho|/ wkh
uhvroxwlrq wr wkh sx}}oh pd| olh lq d glvfuhsdqf| ehwzhhq wkh pdujlqdo xwlolw| ri frqvxpswlrq
dqg frqvxpswlrq lwvhoi1 Wkhuh lv vxfk d glvfuhsdqf| lq wkh prgho ri wklv sdshu/ krzhyhu/ lw lv
qrw vx!flhqwo| odujh txdqwlwdwlyho| wr uhvroyh wkh sx}}oh1 D vhfrqg vkruwfrplqj ri wkh prgho lv
wkdw lw ryhusuhglfwv wkh yrodwlolw| ri uhwxuqv1 Wklv lv dq lpsruwdqw vkruwfrplqj zklfk ghvhuyhv
ixuwkhu dwwhqwlrq1
43D txdqwlwdwlyh dqdo|vlv ri wkh lpsdfw ri phdvxuhphqw huuru lq sulfhv dsshduv lq Fkulvwldqr +4<;<,1 Iru d
irupdo/ pd{lpxp olnholkrrg dssurdfk wr hvwlpdwlrq dqg whvwlqj zkhq wkhuh lv phdvxuhphqw huuru lq wkh gdwd/
vhh Vdujhqw +4<;<,1
59Uhihuhqfhv
Deho/ Dqguhz +4<<3, Dvvhw sulfhv xqghu kdelw irupdwlrq dqg fdwfklqj xs zlwk wkh Mrqhv1
Dphulfdq Hfrqrplf Uhylhz Sdshuv dqg Surfhhglqjv ;3/ 6;751
Erogulq/ Plfkhoh/ Odzuhqfh M1 Fkulvwldqr/ dqg Mrqdv G1P1 Ilvkhu +4<<8, Dvvhw Sulflqj Ohvvrqv
iru Prghoolqj Exvlqhvv F|fohv1 QEHU Zrunlqj Sdshu 85951
Fdpsehoo/ Mrkq \1/ dqg Mrkq K1 Frfkudqh +4<<:, E| irufh ri kdelw= d frqvxpswlrq0edvhg
h{sodqdwlrq ri djjuhjdwh vwrfn pdunhw ehkdylru1 Xqlyhuvlw| ri Fklfdjr pdqxvfulsw1
Fhffkhwwl/ Vwhskhq J1/ Srn0vdqj Odp/ dqg Qhovrq F1 Pdun +4<<6, Wkh htxlw| suhplxp dqg
wkh ulvn0iuhh udwh= pdwfklqj wkh prphqwv1 Mrxuqdo ri Prqhwdu| Hfrqrplfv 64/ 54781
Fkulvwldqr/ Odzuhqfh M1 +4<;;, Zk| grhv lqyhqwru| lqyhvwphqw  xfwxdwh vr pxfkB Mrxuqdo ri
Prqhwdu| Hfrqrplfv 54/ 57:5;31
Fkulvwldqr/ Odzuhqfh M1 +4<;<, Frpphqw rq cFrqvxpswlrq/ lqfrph/ dqg lqwhuhvw udwhv*1Lq
Rolyhu Mhdq Eodqfkdug dqg Vwdqoh| Ilvfkhu +hgv,/ QEHU Pdfurhfrqrplfv Dqqxdo 4<;</
ss1 5495661 Fdpeulgjh/ PD= PLW Suhvv1
Fkulvwldqr/ Odzuhqfh M1/ dqg Mrqdv G1 P1 Ilvkhu +4<<7, Dojrulwkpv iru vroylqj g|qdplf prghov
zlwk rffdvlrqdoo| elqglqj frqvwudlqwv1 Ihghudo Uhvhuyh Edqn ri Plqqhdsrolv Vwd Uhsruw
4:41
Fkulvwldqr/ Odzuhqfh M1/ dqg Mrqdv G1 P1 Ilvkhu +4<<8, Wrelq*v ^ dqg Dvvhw Uhwxuqv= Lpsol0
fdwlrqv iru Exvlqhvv F|foh Dqdo|vlv1 QEHU Zrunlqj Sdshu 85<51
Frfkudqh/ Mrkq K1/ dqg Oduv Shwhu Kdqvhq +4<<5, Dvvhw sulflqj h{sorudwlrqv iru pdfurhfr0
qrplfv1 Lq Rolyhu Mhdq Eodqfkdug dqg Vwdqoh| Ilvfkhu +hgv,/ QEHU Pdfurhfrqrplfv
Dqqxdo 4<<5/ ss1 4484981
Frqvwdqwlqlghv/ Jhrujh +4<<3, Kdelw irupdwlrq= d uhvroxwlrq ri wkh htxlw| suhplxp sx}}oh1
Mrxuqdo ri Srolwlfdo Hfrqrp| <;/ 84<8761
Ilvkhu/ Mrqdv +4<<7, D g|qdplf/ jhqhudo htxloleulxp hpslulfdo dqdo|vlv ri uhdo dqg prqhwdu|
dvshfwv ri wkh exvlqhvv f|foh1 Xqsxeolvkhg Qruwkzhvwhuq Xqlyhuvlw| Sk1G1 glvvhuwdwlrq1
Ihuvrq/ Zd|qh H1/ dqg Jhrujh P1 Frqvwdqwlqlghv +4<<4, Kdelw shuvlvwhqfh dqg gxudelolw| lq
djjuhjdwh frqvxpswlrq= hpslulfdo whvwv1 Mrxuqdo ri Ilqdqfldo Hfrqrplfv 5</ 4<<5731
Jleerqv/ Plfkdho U1 +4<;<, Rq wkh yrodwlolw| ri erqg sulfhv1 Fduqhjlh0Urfkhvwhu Frqihuhqfh
Vhulhv rq Sxeolf Srolf| 64/ 46<4:81
Kdqvhq/ Oduv Shwhu/ dqg Udyl Mdjdqqdwkdq +4<<4, Lpsolfdwlrqv ri Vhfxulw| Pdunhw Gdwd iru
Prghov ri G|qdplf Hfrqrplfv1 Mrxuqdo ri Srolwlfdo Hfrqrp| <</ 55805951
Khdwrq/ Mrkq +4<<6, Wkh lqwhudfwlrq ehwzhhq wlph0qrqvhsdudeoh suhihuhqfhv dqg wlph djjuh0
jdwlrq1 Hfrqrphwulfd 94/ 6866;81
5:Khdwrq/ Mrkq +4<<8, Dq hpslulfdo lqyhvwljdwlrq ri dvvhw sulflqj zlwk whpsrudoo| ghshqghqw
suhihuhqfh vshflfdwlrqv1 Hfrqrphwulfd 96/ 9;4:4:1
Mxgg/ Nhqqhwk O1 +4<<5, Surmhfwlrq phwkrgv iru vroylqj djjuhjdwh jurzwk prghov1 Mrxuqdo ri
Hfrqrplf Wkhru| 8;/ 7437851
Oxfdv/ Urehuw H1/ Mu1 +4<:;, Dvvhw Sulfhv lq dq H{fkdqjh Hfrqrp|1 Hfrqrphwulfd 79/ 475<
47781
Phkud/ Udmqlvk/ dqg Hgzdug F1 Suhvfrww +4<;8, Wkh htxlw| suhplxp= d sx}}oh1 Mrxuqdo ri
Prqhwdu| Hfrqrplfv 48/ 4784941
Txdk/ Gdqq| +4<<3, Shupdqhqw dqg wudqvlwru| pryhphqwv lq oderu lqfrph= Dq h{sodqdwlrq
iru ch{fhvv vprrwkqhvv* lq frqvxpswlrq1 Mrxuqdo ri Srolwlfdo Hfrqrp| <;/ 77<7:81
Vdujhqw/ W1 +4<;<, Wzr prghov ri phdvxuhphqwv dqg wkh lqyhvwphqw dffhohudwru1 Mrxuqdo ri
Srolwlfdo Hfrqrp| <:/ 5845;:1
Zhlo/ Sklolssh +4<;<, Wkh htxlw| suhplxp sx}}oh dqg wkh ulvn0iuhh udwh sx}}oh1 Mrxuqdo ri
Prqhwdu| Hfrqrplfv 57/ 7347541
Zhlo/ Sklolssh +4<<5, Frpphqw rq cDvvhw sulflqj h{sorudwlrqv iru pdfurhfrqrplfv1*Lq Rolyhu
Mhdq Eodqfkdug dqg Vwdqoh| Ilvfkhu +hgv,/ QEHU Pdfurhfrqrplfv Dqqxdo 4<<5/ ss1 49<
4;41
Zlofr{/ Gdylg Z1 +4<<5, Wkh frqvwuxfwlrq ri X1V1 frqvxpswlrq gdwd= vrph idfwv dqg wkhlu
lpsolfdwlrqv iru hpslulfdo zrun1 Dphulfdq Hfrqrplf Uhylhz ;5/ <55<741
5;Wdeoh 41 Ilqdqfldo Vwdwlvwlfv
Vwdwlvwlf X1V1 Gdwd Qr Kdelw Kdelw
Hoe :1;5 41;7 ;187
+41;3, +3134, +3138,








joe 4<186 5165 7313
+4165, +3134, +315,
jos 815: 31:5 4813
+31:7, +5h06, +314,
joe3os 4<135 5156 6918
+41:6, +3134, +314,
4E{*L}coe 3135 4133 31:8
+3144, +41h09, +31335,
Qrwhv= +l, Wkh X1V1 Gdwd froxpq frqwdlqv hvwlpdwhv ri wkh lqglfdwhg vwdwlvwlfv zlwk vwdqgdug
huuruv lq sduhqwkhvhv/ ryhu wkh shulrg 4;<54<;: edvhg rq gdwd surylghg e| Qhovrq Pdun +vhh
Fhffkhwwl/ Odp/ dqg Pdun +4<<6,,1 +ll, Doo udwh ri uhwxuq vwdwlvwlfv duh dqqxdol}hg dqg lq
shufhqw whupv1 +lll, Uhvxowv iru wkh prghov duh edvhg rq 833 uhsolfdwlrqv ri vdpsoh vl}h 453>
Prqwh Fduor vwdqgdug huuruv duh uhsruwhg lq sduhqwkhvhv1 Wkh odwwhu duh wkh vwdqgdug ghyldwlrq/
dfurvv uhsolfdwlrqv/ ri wkh dvvrfldwhg vwdwlvwlfv/ glylghg e|
s
Dff1 +ly, Qr Kdelw fruuhvsrqgv
wr srzhu xwlolw|/ zlwk  ' (Kdelw fruuhvsrqg wr kdelw shuvlvwhqfh xwlolw|/ zlwk  'dqg
chvwlpdwhg* Kc








Figure 1. Power Utility and Persistence in Consumption Growth





















Mehra-Prescott, c growth autocorr = -0.14
Power utility, c growth autocorr = 0.3
Power utility, c growth autocorr = -0.34
Mehra-Prescott, c growth autocorr = 0.14



















h=0.2 x = 0.83
x = 0.81 x = 0.30
x = b/(exp(theta)-h)
    theta = 0.0045
1 %
5 %
Figure 2. Impact of habit persistence parameters, h and b
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